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Distributed Control Policies for Localization of Large Disturbances in
Urban Traffic Networks

Sivaranjani S', Sadra Sadraddini?, Vijay Gupta' and Calin Belta®

Abstract— We present a distributed control strategy to local-
ize and attenuate traffic jams caused by large disturbances in
urban transportation networks. The control policy is distributed
in the sense that it uses those traffic lights in the vicinity of the
jammed area. We model urban traffic using a discrete fluid-
like model which is then reduced to a hybrid dynamical system
with binary control inputs. For this system, we define notions of
local control and localizability of disturbances. We then present
a control strategy that uses only local controllers to attenuate
traffic jams. This control design is formulated as a mixed-
integer linear program (MILP) whose solution provides traffic
light schedules. We show that the feasibility of this MILP is both
necessary and sufficient for localizability. Finally, we illustrate
this design on a test urban transportation network.

I. INTRODUCTION

In the United States alone, propagating traffic jams lead
to billions of wasted man-hours and several million gallons of
wasted fuel every year [1]. In urban traffic networks, fixed-
time or partially real-time traffic light scheduling policies
such as SCOOT [2] and SCATS [3] have been proposed to
reduce congestion and enhance throughput, and are widely
used in cities around the world [4]. With the development
of more detailed traffic models, Model Predictive Control
(MPC)-based strategies have been developed for coordinated
signal control [4]- [8] in urban networks. In [9], model-based
verification and synthesis tools have been used to control
urban traffic networks from temporal logic [10] specifications
that typically pertain to objectives such as avoidance of
congestion and temporal constraints on traffic signals.

While the controllers designed by these approaches are
robust to small uncertainties and disturbances, large distur-
bances corresponding to temporary demand surges in peak
hours or unmodeled driver behavior may cause traffic jams
that quickly propagate through the entire network. In this
scenario, it is desirable to obtain control policies that bring
the system back from this congested state to a desired
operating regime, ideally within a specified deadline and
using only control signals that are local to the vicinity of
the largely disturbed area. In our earlier work [11], we
considered this problem of localized control [12] for freeway
networks; however, the results were restricted to simple
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network topologies without merge and diverge intersections,
and assumed full state feedback with continuous actuation. In
this paper, we solve this problem for urban networks, with
no restrictions on the allowed network topology and more
realistic actuation via discrete traffic light schedules.

We consider a discrete-time fluid-like model similar to
the widely-used CTM [13] to describe urban transportation
networks, with traffic signal schedules at intersections as
actuators. We reformulate this model as a hybrid system
and assume that a scheduling policy of traffic lights, such as
that proposed in [14], is in place to ensure that the system
trajectories remain in a desired set (which may, for example,
correspond to free flow) in the presence of small distur-
bances. When large disturbances like peak-hour demand
surges occur, a fixed-time schedule such as that proposed
in [14] is no longer sufficient to maintain the system in this
set, leading to a traffic jam. We then formulate a mixed-
integer linear program (MILP), whose solution provides a
control policy that returns the system to the desired operating
set within a specified time period using controllers in the
local neighborhood of the jammed area. This control strategy
further ensures that the jam does not propagate beyond this
local area. We show that the feasibility of the proposed MILP
is necessary and sufficient to ensure localization.

The contributions of this paper are as follows. First, we
present a control policy that localizes jams to small sections
of the transportation network and prevents their propagation
using only local controllers in the immediate vicinity of the
jammed area. In contrast to centralized MPC-based schemes
such as [15], our design explicitly imposes the condition that
jams do not spread beyond a specified radius. Second, our
control synthesis takes into account the hybrid nature of the
dynamics and discrete actuation using an MILP formulation.
This was not accounted for in earlier disturbance localization
schemes like [11].

Notation: Let R, = {z € R : z > 0} denote the set
of nonnegative real numbers. Let Rf denote the set of all
nonnegative N-vectors. For two vectors z,y € RV, we have
T <y <= z <y adz Xy <= z <y,
i =1,...,N. Let N denote the set of all natural numbers
including zero and let 15 denote the N-vector of all ones.

II. MODEL

We use a discrete-time fluid-like model, similar to that
proposed in [16] to describe the dynamics of urban trans-
portation networks. However, our model differs from [16]
in that we assume a non-first-in-first-out (non-FIFO) model
to describe driver behavior at intersections, where drivers
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Fig. 1. A simple traffic network with 7 cells and 2 intersections controlled
by traffic lights.

choosing a particular route that is congested do not block
drivers choosing other routes at intersections.

Network Topology

The transportation network is defined as a directed graph
G = (V,€), whose edges & represent cells and nodes
V represent intersections. In this model, each cell i € &£
corresponds to a section of a one-way road from tail node ;
toward head node h;, where 7;, h; € VU (and () denotes the
world outside the network, typically another network). The
total number of cells in the network is denoted by N = |£].
For each cell i € £, we define the following sets:

Outgoing Cells: £ := {j € £ : 7; = h;},
Incoming Cells: 53” ={ke&:hy=m7}. (1)

As an example, a section of a transportation network is
illustrated in Fig. 1, where we have £/ = {ki,k2} and
&M = {i. g}

Definition 1 (Adjacency Matrix). The network adjacency

matrix of a transportation network (V,€) is defined as
A € RN*N where A =[A;j],i,5 € {1,...,N} with

1 j=1,
1 j#i, jeEmuE™, @)
0 otherwise.

Aij =

System Dynamics

We denote the number of vehicles in cell 7 at time ¢ € Z>g
by pi(t). The system state is defined as the N-vector p(t),
obtained by stacking the density in each cell, that is, p(t) 2
[p1(t)...pn(t)] . To each cell i, we assign piecewise affine
sending and receiving flow functions, denoted by S;(¢) and
R;(t) respectively, defined as

Ri(t) = min{Mi, @071'(01‘ — pi(t))}, (4)

where vy ; € Ry, 0.; € Ry, C;, and M; are the free speed,
congested speed, jamming density and maximum outflow (in
one time step) of cell i respectively, and w;(t) € {0,1} is
the control input at time ¢, where 0 stands for a red light and

1 denotes a green light. We then have p(t) € P,Vt € Z>,
N

where P = [][0,C;]. We denote the vector representation
i=1
of the control inputs by u(t) € U,U C {0,1}Y, where U
is the set of all admissible combinations of traffic lights.
Typically, in accordance with traffic conventions, we disallow
simultaneous green lights for two cells that merge into a
common intersection in different directions, ¢; and 7o, by
imposing an integer constraint w;, (¢t) + wu;,(t) < 1. Let
r;; € R, referred to as the turning ratio, be the fraction of

vehicles in cell 7 choosing to turn into cell 5 € Sf“t, with
r;,; = 1. For simplicity, we assume that the turning

jeg;)ut

ratios are constant for the remainder of this paper. However,

they can be assumed to lie in any known interval for our

design. For cell i € &, the inflow is:

Qiin(p(t)) = Y aitimin{Ai + Sk(t) + wi(t), Ri(t)}, (5)

kegin

where )\; is the constant baseline exogenous flow into cell @
and w;(t) denotes an additive disturbance acting on cell ¢ at
time ¢. The capacity ratio o} ; represents the fraction of the
vacant space in cell k available to cell i when the control
signal is u. Note that we have,Vi € £, O‘}i,i =1,Yu €
kegim

U. For simple gridded networks of one-wagk roads, we often
assume that g, = 1,Vi, k, u.

Let w(t) = [wy(t)...wn(t)] be the N-vector of the
disturbances in all cells. These disturbances are added to
account for unmodeled changes in the density profile due
to surges on the baseline demand during peak hours. We
assume that these disturbances are in a bounded set, that is,
w(t) € W C RY for all time ¢, where W = {w(t) : 0 <
w(t) < w*,w* € RV}. The outflow of cell i is given by

Qiout(p(t) = Y riyjmin{S;(t),R;(t)}.  (6)

jeggut

The flow model above corresponds to a simple non-first-in-
first-out (non-FIFO) policy at diverge intersections, where
congestion in an outgoing cell at the intersection does not
cause congestion in the incoming cells. This assumption is
valid for large roads with multiple turning lanes. We note
that more sophisticated non-FIFO models have also been
proposed to accurately capture driver choices [17] [18].

Finally, the evolution of the density in cell ¢ is described
by the following difference equation

pi(t +1) = pi(t) + Qiin(p(t)) — Qiout(p(t)), i € E. (7)

The model (7) can be written compactly as:

p(t+1) = F(p(t), u(t), w(t)), (®)

where F': P xU x W — P. Note that I represents a hybrid
piecewise affine dynamical system.

III. PROBLEM FORMULATION

In most cities, a periodic traffic light sequence, referred
to as a ‘fixed-time schedule’, is predetermined. We denote a
fixed-time schedule by a repeating sequence of control inputs

. . L 0 T—1 1i
with period 'T? U(s) 7= Ulpys o Upy where the over-line
denotes cyclicity, i.e.,

ug(t) = uff)‘(’d T, )
We make the following assumption about the design of the
fixed-time schedule.

Assumption 1 (Properties of the fixed-time schedule, [14]).
Given (8), there exists a fixed-time schedule u(t) = wus(t)
and a set of sufficiently small disturbances w(t) € Ws, where
Ws = {w(t) : w(t) < wk,w: € RN, Vvt € N}, such that



(i) there exists a periodic orbit py(t) := ,o‘JQ.,...,p?’l7

where pg(t +1) = F(pys(t),us(t), w*), and,

(i) for all initial conditions p(0) =< p;(0) + €, where
€ = J|er---en], applying (9) to the system results
in state trajectories that are attracted to the lower-set of
the periodic orbit py(t), that is, V9, € [0,¢;],3T5, €
N,e¢; € Ry such that pi(t) < pfﬂ‘(t) + ;,Vt > T(sl.7
where py; is the i-th component of p(¢).

Assumption 1-(i) holds only if (8) is monotone with
respect to the state and disturbances [14]. We will later show
that (8) is indeed monotone. Assumption 1-(ii) states that
there exists a margin of attraction e for the periodic orbit
pyr(t). The design of uy(¢) satisfying Assumption 1 has been
detailed in [14, Section V].

We say that a state p;(t) is in the e-vicinity of the periodic
orbit py(t) at time ¢ if p;(t) < psq(t) +€;. We say that the
system is in the e-vicinity of the periodic orbit at time ¢ if
p(t) < ps(t) + e. Assumption 1 implies that small distur-
bances Wy = {w(t) : w(t) = wi,wi € RN vt € N} do
not take the state outside the e-vicinity of pf(t). Sometimes,
larger disturbances due to demand surges or unmodelled
driver behavior may cause the system to leave the e-vicinity
of the periodic orbit. These disturbances typically last only
for short periods of time and are concentrated in a particular
cell. We refer to this class of disturbances, w(t) € W, where
W = W\W, = {w(t) : wi < w(t) = w*}, as large
disturbances and restrict them to the following definition for
the remainder of this paper.

Definition 2 (Large Disturbance). A large disturbance

wjam(t) € W, acting on cell j between times t;4,, € N and
tena € N is defined as w},, (t) = [0,--- ,w;(t),---,0]" €
WA\W;, with

P%(S(tmid) - S(tjam))7 tiam <t <tmid < tend, (10)

p'Jm(S(tend) - s(tmid))v tmid S t S tend,
w;(t) =
0, otherwise,

*

where w;j < pg < w;‘ and wy j, w} represent the j-th
components of the w?* and w* vectors respectively and s(-)
is the unit step function. The disturbance starts off at a higher
magnitude pg) during time ¢4, <t < ¢4 and reduces to

ph. < pb from time tpiq <t < tepa.

Let a large disturbance (10) act on cell j, causing the
system to leave the e-vicinity of the periodic orbit. Such an
excursion of the system trajectories from the e-vicinity of
the desired periodic orbit is referred to as a jam, and the
cell j is referred to as the origin of the jam. We would
like to use controllers in the local region around cell j to
return the states in that region to the e-vicinity of the periodic
orbit within T, time steps. We would also like to ensure
that the large disturbance does not spread beyond the local
region, that is, the states outside the local region remain in
e-vicinity of the periodic orbit. To this end, we first formally
characterize the local region of a cell.

Definition 3 (Local Region). The local region of radius d
around cell j is defined as

La) = {lldista(j — 1) < d}, an

where A is the adjacency matrix defined in (2) and
dista (k — j) = min (Ai)jk # 0. The boundary of
the local region B(jfd) C L(jq) is defined as B g =
{l|dista(j — 1) = d}. We also define the set of incoming
links at the boundary of the local region as BE; a = {l €
E™ i € Byay,l & Ljaq} Similarly we define the set
of outgoing links at the boundary of the local region as
B(Oﬁg) = {l S (‘:iom NS B(j’d),l ¢ L(j,d)}-

For cell j, define the local state vector p(; 4y(t) to be the
vector of all p;(t) such that I € £; 4. Similarly, define the
local control vector and periodic orbit of cell j as u(; q)(t)
and py,; , (t) respectively.

Definition 4 (Localizability). System (8) is said to be (d, T})-

localizable, if, for a large disturbance (10) acting on cell j,

je{l,...,N} and for all ¢;,,, € N, there exists a control

policy u(j.a)(t), tjam <t < Ty, such that

(i) state trajectories p;q(t) € Ljqy satisfy pga)(t) <

pf,(j,d) (t) for all ¢ Z Td,

(ii) state trajectories at the boundary, p;(¢) such that | €
B;.q, satisfy p;(t) < py;(t) + € for all ¢, and,

(iii) all states outside the local region L; 4y remain in the
e-vicinity of the periodic orbit for all ¢.

With these definitions, we now formulate the problem
addressed in this paper.

Problem 1. Given system (8) with initial condition p(0) <
py(0), a fixed-time schedule uy(t) satisfying Assumption 1
and a disturbance w(t) = w},,, (t) as defined in (10), find a
control strategy w(; q)(t) that only uses control inputs in the

local region L ; g to render the system (d,Ty)-localizable.

IV. CONTROL DESIGN

In this section, we propose a MILP formulation to solve
Problem 1. We first state a property of the system that will
be useful in control design.

Theorem 1 (Monotonicity). System (8) is monotone with
respect to the state p and disturbances w in the sense that
p=p = F(p,u,w) 2 F(p',u,w),Yu € U,Yw € W
w=w = Fp,u,w) < F(p,u,w"),Yu € U,Yw,w €W (12)
The proof of Theorem 1 is omitted due to space constraints.

We now formulate the set of constraints that should be
incorporated into the MILP to ensure localizability.

A. Localizability

System (8) must satisfy constraints C1-C5 detailed below
to ensure (d, T,;)-localizability according to Definition 4.
C1: The evolution of the system satisfies

pt+1) 2 F(p(t),u(t),w”),vt € N. (13)

C2: The system densities are within the physically admissi-
ble range, i.e., p(t) € P, Vt.

C3: Boundary inflow: The density of vehicles in all incom-
ing cells at the boundary of the local region satisfies

pi(t) < pra(t) + egin, VI € B ), Vt € [0, Tu], (14)



where €gn = nglgﬂez This constraint ensures that the loss
in the vacancy a\l/ailable in cell [ does not affect the flow
from upstream by more than its margin of attraction.

C4: Boundary outflow: The numbers of vehicles that flow
out of all outgoing links at the boundary of the local
region remain in the e-vicinity of their baseline flows,
that is,

Z Qui(t) < Z Qfup () + €,
ke ke

VI € By, vt €0, Tq],  (15)

where Qf,, ,, (t) is the flow from cell [ to cell £ for
the periodic orbit resulting from the fixed-time schedule

and g = min{ei. This constraint ensures that the
iegy
outflow from the local region does not increase beyond
the margin of attraction of the cells outside By; q).
C5: The state in the local region reaches the interior of the

lower-set of (py, ,, () +¢;) at time Ty, that is,
pi(Ta) < pfi .0 (Ta) Vi € L)\ (Blja) UBE‘-&);

where py, ., is the i-th component of py, , .
Constraints C1-C2 encapsulate the dynamics of the system
with all possible mode switchings and the effect of the dis-
crete control inputs on the system. Due to the monotonicity
of the system, enforcing C1 on the dynamics corresponding
to the maximum possible disturbance automatically ensures
that it holds for all other w(t). Constraints C3 and C4 enforce
the condition in Definition 4-(ii), by requiring that the flows
at the boundary of the local region remain unaffected by the
disturbance, ensuring that the disturbance does not propagate
beyond the local region. Constraint C5 states that the states in
the local region return to the e-vicinity of the periodic orbit in
T4 time steps, as required in Definition 4-(i) for localizability.
We now show, in Theorem 2, that a control sequence which
when applied to (8) results in state trajectories that satisfy
constraints C1-C5 renders the system (d, Ty)-localizable.

Theorem 2. System (8) is (d,T;)-localizable if and only
if, for every j € & and w(t) = wj,,,(t), there exists an
open-loop control sequence

local, Ty

u; = u(s,a)(0), ugay (1), -+

such that the resulting response of the system for time
tiam <t < Ty satisfies constraints C1-CS.

sugiay(Ta), — (17)

Proof. (Necessity) Let the initial conditions be p(0) =
ps(0) and w(0) = w* + wj,,(0) (maximal distur-
bances). Clearly, there must exist at least one trajec-

tory p(j.a)(0), pij.a)(1), -+, pj,a)(Ta) satisfying the con-
straints C1-C5 for which we obtain the control sequence
U(j,a)(0); uggay (1), -+ s ugja) (Ta)-

(Sufficiency) For the general case, we have p(t) <
ps(t) and w(t) < w* + wj,,,(t). By applying the same
u(;,a)(0), ugjay(1),- -+ ,u(j,a)(Ty) in an open-loop manner,
we obtain the trajectory p’(j)d) (O),p’(j’d)(l)fw ’pzj,d) (Ty).
From Theorem 1, due to the monotonicity of (8), we have

F(p{;.0)(T)s uga) (7), w) 2 F(pgg.a)(7), uga) (1), w), 7 =
0,1,---,Ty. Hence p’(j’d)(r) =2 pGay(T), T=0,1,--- Ty
Therefore, the trajectory pzm) (0),p’(j)d)(1), e ’p/(J}d) (Ty)
of length (T + 1) also satisfies C1-CS5. O

B. Control Synthesis

The computation of the localizing control sequence
utecal.Ta ig formulated as the following constraint satisfaction
problem:

Pr: find w74, subject to C1-C5, (18)

which is then rewritten as a MILP. The solution to the opti-
mization problem P; is the control sequence for which the
system is (d, T4)-localizable with the maximum disturbance,
that is, p} = p)), = w* in (10). Due to the monotonicity of
the system, this control sequence, designed for the largest
disturbance, is sufficient to localize any smaller disturbance.
We note that constraints C2-C5 are linear, and the only
integer constraints are those that result from C1. The con-
straint C1 represents the system dynamics, which capture
discrete control inputs and determine the system mode.
Based on Proposition 2 from [15], constraint C1 can
be formulated as a set of mixed integer constraints. The
piecewise affine hybrid dynamics in (8) can be written as

plt +1) = Ap(t) + Byu(t) + Eyw(t) + BgB(t) + Eo2 ()

EgB(t) + Eaz(t) < Epp(t) + Eyu(t) + ¢ o)
where 3(t) € {0,1}™ and z(t) € R"™ are auxiliary
variables, F,, E,, E,, E, and E; are appropriately sized
constant matrices, and e is a constant vector which makes
the set of mixed-integer constraints well posed in the sense
that the feasible set of p(t 4+ 1) is a single point equal to
F(p(t), u(t), w(t)).

From (19) and the linearity of constraints C2-C5, we can
see that P; is a MILP. Further, from Theorem 2, it is easy
to see that the feasibility of the MILP P; for every j € £
is necessary and sufficient for (d, Ty)-localizability of (8).
Algorithm 1 describes the design of the localizing controller
based on the MILP formulation.

Algorithm 1 Control Design Procedure
1: Design a fixed-time control strategy satisfying Assump-
tion 1 according to the procedure laid out in [14] by
solving a MILP over all cells in the network. This
computation is carried out only once offline.
2: For every node j, determine the smallest possible d and
T, for which the MILP P; is feasliblel.T
ocal, Ty

3: Determine the control sequence u;

to disturbance w} for every cell j.

corresponding

C. Controller Implementation

We assume that a suitably calibrated binary detector that
determines whether a large disturbance has occurred at every
time instant exists at each link. Such a detector can easily
be implemented using cameras and calibrated using the e-
margin of the system. When a large disturbance is detected



at cell j, we switch to the precomputed control sequence

é-oc“l’Td determined in Algorithm 1 in the local region L; 4).
When the system trajectories in the local region return to
the e-vicinity of the periodic orbit, the fixed-time schedule

is resumed.

D. Discussion

We make the following observations about the proposed
control strategy.

e Our implementation allows for an open-loop controller
implementation without any online computation. Since
the system is monotone, a controller designed to localize
the worst-case disturbance w* can localize any smaller
disturbance. Therefore, the only feedback that is necessary
for our implementation is the location of the disturbed cell.
However, we note that arbitrarily large disturbances are
obviously not localizable with finite capacity roads.

o The implementation uses controllers from the smallest
possible radius d for which the MILP is feasible. We note
that the computation time of MILP feasibility checking
grows exponentially with respect to the number of integers.
Therefore, the design is only efficient when the system has
a small localization radius.

V. CASE STUDY

In this section, we present a case study of an urban
traffic network to demonstrate the control policy proposed in
Section IV. We consider the network shown in Fig. 2, which
comprises of a grid of 112 roads (cells) and 49 intersections.
Each cell is assumed to have a capacity of 40 vehicles and a
maximum outflow of 15 vehicles. The inflows are assumed
to be A = 4 in the East/South entries, A = 3 in West/South
Entries and A = 3 in West/North Entries. The turning ratios
for vehicles heading straight and turning (left or right) are
assumed to be 0.9 and 0.1 respectively and the capacity ratios
of all cells are assumed to be 1. The free and congested
speeds for all cells are set to 1 per time step.

For this network, we first design a fixed-time schedule
of periodicity 2 using the procedure in [14] and obtain the
margin of attraction e for 98 cells (not including the 14 cells
with flows exiting the network). For cell j indicated in Fig.
2, we find that the e-margin is 4.4084. We then design the
local controllers for every cell in the network by solving the
MILP (18) using Gurobi! and obtain a localization radius of
d = 2 and localization time of T,; = 10. The computation
of the solution to the MILP (18) for this network required
about 3 seconds on a 2.7 GHz dual-core iMac. We test the
localized control policy by applying the disturbance shown
in Fig. 2 to the system. When the disturbance is applied, we
switch to the local control sequences computed by solving
the MILP (18) in the local region indicated in Fig. 2. After
Ty = 10 cycles we switch back to the fixed-time schedule
in the local region. We enforce the fixed-time schedule on
all cells outside the local region throughout the simulation.
Fig. 6 shows the evolution of the system states under the

Thttp://www.gurobi.com/

Fig. 2.
L; with d = 2 (shaded); (Right) Large disturbance signal.

(Left) Urban traffic network indicating cell 5 and its local region

following simulation conditions.

1) No disturbance applied: The system trajectories converge
to a periodic orbit starting from an appropriate initial
condition, which agrees with Assumption 1 and the
discussion in [14].

2) With fixed-time non-local control policy: The system
returns to the e-vicinity of the periodic orbit in 11 cycles.

3) With localized control policy: The disturbance is localized
to a radius d = 2 (shown in Fig. 2 around cell j and the
system returns to the e-vicinity of the periodic orbit in
9.5 cycles.

We observe that applying the localized control policy pre-
vents the propagation of the jam beyond a radius of d = 2
and ensures that the system trajectories return to the e-
vicinity of the periodic orbit faster. Fig. 4 and Fig. 5 show
snapshots of the spatial propagation of the jam in the network
at various simulation times with the local and fixed-time
control policy respectively. It is observed while both control
policies are eventually able to attenuate the disturbance, the
localized policy does it more effectively by not allowing it
to spread greatly to other cells. This behavior is more clearly
seen in the trajectories in Fig. 6.

While we observe that disturbances in (8) can be local-
ized with discrete control inputs, the performance of the
localization scheme is limited due to the small number of
sparse actuators (traffic lights) available in the system. In
other words, the system is heavily under-actuated. In our
simulations, we were not able to find a case where the local
control policy was able to localize a disturbance while the
use of the fixed-time schedule instead would have caused the
network to be jammed. We also note that employing a well-
designed centralized control policy can sometimes result in
a better performance than the local control policy.

We believe that better localization performance can be
achieved through the use of continuous actuation like vari-
able speed limits in addition to discrete traffic signals. The
designs in this paper can also be extended to optimize
performance objectives like network throughput and average
travel time by adding a cost function to problem P;. These
directions which will be the subject of future work.
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fixed-time control policy, (Right) System trajectories with large disturbance from Fig. 2 under localized control policy.
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